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We characterize torsion free and divisible wreath products of acts over the wreath product T 
of monoids. To do so we describe injective and surjective action of elements of T and left and 
right cancellable elements in T. 
Introduction 
In this part of the article we continue the investigation of wreath products of left 
acts over monoids [5]. This part has three main sections. We first describe injective 
action and left cancellable elements in a wreath product of monoids acting on a 
wreath product of acts. In the second section surjective action and right cancellable 
elements are characterized. In the third section both approaches are put together to 
investigate torsion free and divisible wreath products of acts. In any case the cor- 
responding global property is received from the elementary description. In the final 
section we investigate some endo properties of free acts. All necessary definitions 
not given here can be found in the first part of this article [5]. 
R and S will always be monoids, IS / > 1. A left R-act is a set A upon which R acts 
unitarily on the left. The category of left R-acts with R-homomorphisms will be 
denoted by R-Act. 
Let F(A, S) denote the set of mappings from A to S. The wreath product of the 
monoids R and S by the left R-act A is the set R xF(A,S) endowed with the multi- 
plication (r, f)(p, 8) = (rp, f,g) where (f&9(4 =f(pa)s(& (r, f), (p, g) E R x F(A, S), 
a EA. The wreath product & of the left R-act RA with the left S-act sB over T is 
the set A x B endowed with the action 
(6 f)(4 b) = (ra, f(0) 
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for (r,f)eRxF(A,S), (a,b)~AxB. 
Denote r-‘(a) = {x E A 1 rx = a} and c, E F(A, S) the constant mapping c,(A) = s, 
reR, aEA, SES. 
More information on acts over monoids can, for example, be found in [4]. 
1. Injective action and left cancellability 
An element rE R acts injectively on the left R-act A if ra= ra’ implies a=a’ for 
a, a’ E A. If every r E R acts injectively on A, then we shall say that R acts injectively 
on A. Sometimes A is called a true representation of R if R acts injectively on A 
(cf. [7]). For the sake of completeness we mention that the R-act A is called (strong- 
ly) faithful if ra = r’a for all (some) a E A implies r = r’, r, r’E R (cf. [3]). This notion, 
however, will not be used in this article. 
An element r E R is left cancellable in R if rrl = rr, implies r, = r2 for any rI, r2 E R. 
The monoid R is called left cancellative if all elements of R are left cancellable in 
R. This shows that r is left cancellable in R if and only if r acts injectively on the 
R-act R. To assure that this common property carries over from the action of Ton 
,C= KA x ,B and on ,T to actions on the respective components we use a slightly 
generalized action - suggested by the referee - reminiscent of the semidirect product 
of monoids (see for example [9]). 
Let XE R-Act, Y a set, and XX YE T-Act for T= R x F(A, S) where an action is 
defined via some mapping (Y : F(A, S) x XX Y + Y by (r,f)(x,y)=(rx,dLx,~)). 
That is, one has the identities a(ci,x, y) =y and a(J px, cr(g,x, y)) = a(f,g,x, y) for 
XEX, YE Y, c,,f,gEF(A,S) and PER. 
1.1. Proposition. An element (r, f) E T acts injectively on r(Xx Y) via a : F(A, S) x 
XX Y-t Y if and only if 
(i) cr(f,x,y)=cx(f,x,y’) implies y=y’and 
(ii) rx=rx’ and x#x’ imply for aN y,y’~ Y that a(Jx,yj#a(Jx’,y’) where 
feF(A,S), x,x’~X, y,y’~ Y, reR. 
Proof. Necessity. Assume that (r, f) E T acts injectively on Xx Y via a. Let XEX 
and cr(f,x, y) = cx(f,x, y’) for y, y’~ Y. Then 
(r,f)(x,y) = (rx, a(.Lx,y)) =(rx, df,x,y’)) = (r,f )(x,y’) 
and, by assumption, (x, y) = (x, y’) and thus y = y’ follows. 
Let now rx=rx’ and x#x’ for x,x’~X. If there exist y, y’~ Y with a(f,x,y)= 
df,x’,y’), then 
(6 f)(x, Y> = (f-x, a(.6 4 YN = (f-x’, d.A x’, _Y’)) = (f-, _/Xx-‘, Y’) 
and, by assumption, (x, y) = (x’, y’) and thus x=x’ follows. 
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This is a contradiction, thereby completing the proof of necessity. 
Sufficiency. Assume that (r, f) E T fulfills the conditions of the proposition. Let 
(x,y),(x’,y’)~Xx Y and (~,f)(x,y)=(r,f)(x’,y’), i.e. rx=rx’ and a(f,x,y)= 
C-WV; x’, y’). Now x=x’ follows since otherwise cr(f; x, y) # a(f, x’, y’) by assumption, 
but then y=y’ again by assumption. This proves sufficiency. ci 
1.2. Corollary. An element (r, f) E T= R x F(A, S) acts injectively on rC= RA x sB 
if and only if f(a) acts injectively on sB for every a E A, and ra = ra’, a#a’, 
a, a’ E A, imply for all b, 6’ E B that f (a)b #f (a’)b’. 
Proof. The statement follows from Proposition 1.1 if we take X= A, Y= B, and 
define cx:F(A,S)xAxS+B by cr(f,a,b)=f(a)b, for aeA, bEB. 0 
1.3. Corollary. An element (r, f) E T= R x F(A, S) is left cancellable if and only if 
f(a) is left cancellable for every a E A and rp = rp’, p fp’, p, p’ E R, imply for all 
aE A, S,S’E S, that f(pa)sff(p’a)s’. 
Proof. The statement follows from Proposition 1.1 if we take X= A, Y= S, and 
define a:F(A,S)xAxS+S by o(f,a,s)=f(a)s for aEA, SES. 0 
The following example makes clear that there exist left cancellable elements in 
R x F(A, S) whose first components are not left cancellable in R. 
1.4. Example. Take X= {a, b}, and S = (u, u) U 1 (the free monoid generated by u 
and u), then there exist left cancellable elements in T(P(X), S, X) = P(X) x F(X, S) 
whose first components are not left cancellable in P(X). Take, for example, (c,, f) 
where f(a) =u, f(b) = u. Then c, is not left cancellable, but (c,, f) is, since it does 
not identify different elements in P(X) x F(A, S). 
1.5. Proposition. The wreath product of monoids T= R x F(A, S) acts injectively on 
,(XX Y) via a: F(A,S) XXX Y+ Y if and only if cx(f,x,y) = cx(f,x,y’) implies 
y = y’ for f E F(A, S), x E X, y, y’~ Y and R acts injectively on X. 
Proof. Necessity. The first part follows from Proposition 1.1 directly. Let rx= rx’ 
and x#x’ for x,x’~X, rER. Then a(c,,x,y)#a(c,,x’,y)=y which is a contradic- 
tion. Thus rx= rx’ implies x=x’ for all r E R, x,x’~X, i.e. R acts injectively on A. 
Sufficiency follows immediately from Proposition 1.1. 3 
1.6. Corollary. The wreath product of monoids T= R x F(A, S) acts injectively on 
the wreath product of acts rC= K A x sB if and only if R acts injectively on RA and 
S acts injectively on sB. 
Proof. Specializing X, Y, and a as in Corollary 1.2 the statement follows from Pro- 
position 1.5. a 
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1.7. Corollary (Kaschek [2]). The monoid T= R x F(A, S) is left cancellative if and 
only if R and S are left cancellative. 
Proof. Specializing X, Y, and C.Z as in Corollary 1.3 we get as necessary and sufficient 
condition, using Theorem 1.4, that S is left cancellative and R acts injectively on 
X. It remains to show that this is equivalent to left cancellativity of R and S. But 
this follows immediately using Corollary 1.3. 0 
2. Surjective action and right cancellability 
An element r E R acts surjectively on the left R-act A if rA = A. If every r E T acts 
surjectively on A, we shall say that R acts surjectively on A. 
An element rE R is right cancel/able in R if r,r= r2r implies r, = r, for any 
r,, r2 E R. The monoid R is called right cancellative if all elements of R are right 
cancellable in R. 
It is clear that the unifying approach to left cancellability and injective action of 
Section 1 does not carry over to right cancellability and surjective action (from the 
left). 
2.1. Proposition. The element (r, f) E T= R x F(A, S) acts surjectively on rC= 
KA xsB if and only if f(r’(a))B=B for any aEA. 
Proof. Necessity. Take a E A and b E B. Then, as (r, f) acts surjectively, there exists 
(a’, 6’) E C with (r,f)(a’, b’) = (a, b). Hence ra’= a and f (a’)b’= 6. But as b E B is 
arbitrary and a’E r-‘(a), we have f(r-‘(a))B = B. 
Sufficiency. By assumption one has in particular that r-‘(a) #0 for every aEA. 
Take (a, b) E C, choose a’E r-‘(a) and b’E B such that f(a’)b’= b. Then (r, f )(a’, b’) = 
(ra’, f(a’)(b’) = (a, b), i.e. (r, f) acts surjectively on &. 0 
2.2. Remark. If (r, f) E Tacts surjectively on ,C, then r acts surjectively on RA and 
f induces a sort of a surjective action on sB which depends on r. 
2.3. Theorem. The monoid T= R x F(A, S) acts surjectively on pZ= KA X sB if and 
only if R acts surjectively on *A and S acts surjectively on sB. 
Proof. Necessity. This follows from Proposition 2.1 taking (r, c,) for arbitrary 
t-E R and SES. 
Sufficiency is obvious. 0 
A subset Q C S is called simultaneously right cancellable in S if sq = s’q for every 
q E Q implies s=s’, for S,S’E S. In category theory a family with this property is 
called epi-sink or mono-source depending on the side on which morphisms are writ- 
ten, see for example [l]. 
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2.4. Proposition. The element (r, f) E T= R x F(A, S) is right cancellable if and only 
if r is right cancellable in R, r acts surjectively on RA and for every a E A the set 
f (r-‘(a)) is simultaneously right cancellable in S. 
Proof. Necessity. Let (r, f) E T be right cancellable. Suppose that for some p, P’E R 
we have pr =p’r. Then (P, cl )(r, f) = (pr, (c, ),.f) = (p’r, (~1 ),f) = (P’, cl&f ). BY 
assumption, we get (p,c,)=(p’,c,) and thus p=p’, i.e., r is right cancellable. 
Suppose now that r does not act surjectively on RA, i.e., there exists a’EA\rA. 
Define g, g’E F(A, S) such that g(a’) #g’(a’) but g IrA = g’ lr,+ Then for any a E A 
we get (g,f )(a) = g(ra)f (a) = g’(ra)f(a) = (g:f )(a) which implies g,f = g:f. Now 
(l,g)(r, f) =(r,g,f) = (r,g:f) = (l,g’)(r,f). Since (r,f) is right cancellable, (1,g) = 
(1, g’) follows and in particular g = g’, a contradiction. 
Let now a E A and sf(x) =slf(x) for all XE r-‘(a) and some s, S’E S. Define 
g, g’EF(A, S) such that g(a) =s, g’(a) =s’, and g l,A,(o) =g’ IAiiai. Then for any 
Y E A we get (gJ)(y) = gWf(y) = g’(ry)f (y) = (g:f )(y). Thus g,f = g:f, which im- 
plies (1, g)(r, f) = (r, g,.f )(r, g,!f) = (1, g’)(r, f ). Since (r, f) is right cancellable, (1, g) = 
(1,g’) follows, and in particular s=g(a) =g’(a) =s’. This completes the proof of 
necessity. 
Sufficiency. Let (r, f) E T, and let (p, g)(r, f) = (p’, g’)(r, f) for some p, p’~ R, 
g, g’E F(A, S). This means that pr =p’r and g,f =g,!f. Since r is right cancellable, 
p =p’ follows. From g,.f =g:f we get for a E A and any XE A with rx= a that 
g(a)f(x) =g’(a)f(x). As r acts surjectively, such XE A exist for every a E A. By 
assumption on f(r-l(a)) we get g(a) =g’(a) for every a E A. Hence g=g’ and thus 
(r, f) is right cancellable. 0 
2.5. Remark. Note that right cancellability of (r, f) in general does not imply right 
cancellability of the images off in S. 
2.6. Theorem (Kaschek [2]). The monoid T= R x F(A, S) is right cancellative if and 
only if R acts surjectively on RA, and R and S are right cancellative. 
Proof. Necessity. Every r E R is right cancellable and acts surjectively on A by Pro- 
position 2.4. Let now ts=t’s for s, t,t’ES. Then (1,c,)(l,c,)=(l,c,~)(l,c,~). Since 
(1, c,) is right cancellable we get c, = c,,, i.e. t = t’. 
Sufficiency follows directly from Proposition 2.4. 0 
3. Torsion free and divisible acts 
An element r E R is said to act without torsion if it is left cancellable and acts in- 
jectively on RA. The R-act A is called torsion free over R if every left cancellable 
element of R acts injectively on RA (see [5]). An element r E R is said to act 
divisibly if it is right cancellable and acts surjectively on RA. The R-act A is called 
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divisible over R if every right cancellable element of R acts divisibly on RA (see 
[3]). Both types of requirements are apparently natural in the following sense: if R 
is the monoid of all mappings from A to A, then left cancellability of a mapping 
means injectivity and right cancellability means surjectivity. Moreover, projective 
R-acts are in particular torsion free, injective R-acts are in particular divisible, see 
for example [3]. 
3.1. Lemma. If the left T-act &= RA x s B is torsion free, then R A and ,B are 
torsion free. 
Proof. Let rE R be left cancellable, and let ra=ra’ for some a,a’EA. Then 
(r, c,)(a, 6) = (ra, b) = (ra’, 6) = (r, c,)(a’, b) for any b E B. Now (r, c,) is left cancellable 
by Corollary 1.3. Then (a, 6) = (a’, 6) since ,C is torsion free by assumption. In par- 
ticular a=a’. This means that RA is torsion free. 
Let now s E S be left cancellable and sb =sb’ for some b, b’E B. Then (1, c,)(a, 6) = 
(a, sb) = (a, sb’) = (1, c,)(a, b’) for any a E A. Now, again by Corollary 1.3, (1, c,~) is 
left cancellable and thus (a, 6) =(a, 6’) follows since & is torsion free. Hence 
b = 6’. This means that sB is torsion free. 0 
Corollaries 1.2 and 1.3 characterize torsion free wreath products of acts. How- 
ever, the assumption of additional conditions on R, S, RA or ,B turns the condi- 
tion of Lemma 3.1 into a sufficient one. 
3.2. Corollary. Assume anyone of the following conditions on the monoids R and 
S or the acts RA and sB to be fulfilled: 
0) 
q 
3.3. Lemma. If the left T-act &= RA x sB is divisible, then sB is divisible. 
Proof. Let t E S be right cancellable. Consider (1, c!) E T. Then (1, c,) is right 
cancellable in T by Proposition 2.4. Then, by assumption, (1, c,) acts surjectively 
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on RA x sB, i.e. 
Remark. If there exist right cancellable elements in R which do not act surjec- 
tively on A, then, in general, divisibility of ,C does not imply divisibility of RA. 
3.5. Theorem. The left T-act rC= RA x sB is divisible if and only if for every car- 
dinal number m for which there exists r E R which is right cancellable in R, acts sur- 
jectively on RA, and IF’(a)i=m for some aeA, any simultaneously right 
cancellable subset (ti I i E m> c S fulfills u,, ,,, t, B = B. 
Proof. Necessity. Let r E R be right cancellable and surjectively acting on A with 
jr-‘(a,)1 = m for some a,, EA. Let {t, 1 i E m> be a simultaneously right cancellable 
subset of S. Define f: A + S such that f(r-‘(ao)) = { ti 1 ie m} and f(x) = c,(x) for 
XEA \rm’(ao). Then (I; f) is right cancellable by Proposition 2.4. So, by hypothesis 
(r, f) acts surjectively on ,C and thus f (r-l(a,))B= B by Proposition 2.1. 
Sufficiency. Let (r, f) be right cancellable in T, that is, by Proposition 2.4, r is 
right cancellable in R and acts surjectively on RA and for any aEA, from sf(x) = 
s’f(x) for every XE r-‘(a) one gets s=s’. We must show that f(r-‘(a))B= B for all 
a E A. Take a EA, then f (r-‘(a)) is a simultaneously right cancellable subset of S. 
So, by assumption, f(r-‘(a))B= B which by Proposition 2.1 proves that (r, f) acts 
surjectively on KA x sB. 0 
3.6. Corollary. Let the monoid S be such that the only minimalsimultaneously right 
cancellable subsets have only one element. Then ,C= RA x sB is divisible if and 
only if sB is divisible. 0 
In particular, if R and RA are such that there exists no right cancellable element 
fl in R which acts surjectively on A, then the situation of 3.5 turns into that of 3.6. 
3.1. Corollary. If every element of S acts surjectively on sB, then ,C= K A x sB is 
divisible. 0 
The final example gives a monoid S with a simultaneously right cancellable subset 
of two elements. Moreover, there is given one left S-act such that the condition of 
Theorem 3.5 is fulfilled and another left S-act which is divisible but does not fulfill 
the condition of Theorem 3.5. 
3.8. Example. Take Z& = (0, 1,2,3,4,5) and consider the monoid (Z,, . ), i.e., the 
integers mod 6 with multiplication. Then {2,3} is a simultaneously right cancellable 
set in ZG such that {2,3)2&=2& but (2,3}&= {0,2,3,4} #Z,. Moreover, take 
A = n\i, the set of natural numbers (without zero) and R = {idN, p, p2, . ..} with 
p(n) = n - 1 for n 12, p(1) = 1. Then p E R is right cancellable and acts surjectively 
on A. Now define gEF(A, Z6) by g(1) = 2, g(2) = 3 and g(N \ { 1,2}) = 1. Then 
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(p, g) E R xF(A, Z,) is 
Endo properties of free acts and standard wreath products 
Let F, be a free right S-act with basis X, i.e., F,z U,,, S. Denote by P(X) the 
set of all mappings from X to X. Then by [5, Theorem 1.11 the left (Ends Fs)-act 
Fs can be considered as wreath product XX S of the left P(X)-act X with the left 
S-act S over the wreath product T,= P(X) x F(X, S) where the monoids End, F, 
and T, are isomorphic. 
4.1. Corollary. If 1X1> 1, then T, is neither left cancellative nor right cancellative, 
and T, never acts injectively nor surjectively on Xx S. 
Proof. The statements about cancellability follow from 1.7 and 2.6, as P(X) is not 
left cancellative and does not act surjectively on X. The remaining statements follow 
from 1.6 and 2.3, as, in addition, P(X) does not act injectively on X. 0 
4.2. Remark. XE P(X)-Act is always torsion free, s SE S-Act is always torsion free, 
as in both cases left cancellability of an element implies its injective action. sS E S- 
Act is divisible if and only if every right cancellable element in S is right invertible. 
Adopting terminology from the theory of modules (see, for example, [S]), we say 
that a right S-act B has an endo property if B considered as left (Ends B)-act has 
this property. 
4.3. Corollary. A free S-act F, is not endo free but endo projective and thus endo 
torsion free. 
Proof. Using the results of Normak [lo] we see that F,rXx S is endo projective, 
since ,S is free and thus projective, Xz P(X)c,, and c, = c,P(X)c, for any a E X. 
Thus, XxS is torsion free over T,, i.e., F, is endo torsion free (cf. [6]). Since in 
general /End F,J = iP(X) x F(X, S)l > 1Xx SI, a free S-act F, with a basis X of at 
least two elements is not endo free. q 
Using that F,=Xx SE (P(X) x F(X, S))-Act is torsion free (by Corollary 4.3) for 
every set X and every monoid S, we can choose IX]> 1, in which case P(X) is not 
left cancellative, and we can choose S such that, in addition, (iii) and (iv) of Cor- 
ollary 3.2 are not valid. 
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Using Lemma 3.3, from the observation on the divisibility of S in 4.2 we get the 
first part, and using Corollary 3.7 we get the second part of the following: 
4.4. Corollary. If in the monoid S there exists a right cancellable lement which is 
not right invertible, then a free S-act is not endo divisible. If S is a group or a group 
with zero, then a free S-act is endo divisible. 0 
4.5. Corollary. Let R and S be left cancellative monoids, and RA = RR, sB=sS. 
Then the standard wreath product T(R, S, R) acts injectively on the left T(R, S, R)-act 
R x S, and, in particular, R x S is a torsion free T(R, S, R)-act. If R and S are groups, 
then T(R, S, R) acts surjectively on R x S, and, in particular, R x S is a divisible 
T(R, S, R)-act. 0 
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